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Concepts like model categories, derivators and oo-categories provide frameworks for
dealing with “homotopical theories” Many enhancements of triangulated categories
arise in the form of such a homotopical theory in which every object is pointed and the
suspension construction is an equivalence, i.e. a “stable” theory.

An important example of such a theory is the stable homotopy theory, i.e. the theory
of spectra up to stable equivalences. In all of above mentioned settings, the stable
homotopy theory has a certain “universal property” which roughly says that it is the
“free stable homotopical theory on the sphere spectrum”.

1 Formulation in Various Settings

In this section we merely state the “universal property” in the above mentioned set-
tings without discussing the concepts that appear in detail. A reader who is not familiar
with model categories or derivators may skip the corresponding statements as they will
not play a role in the next section in which we elaborate on the proof of the statement
in the setting of co-categories.

We start by formulating the statement in the settings of model categories where a very
common notion of a spectrum is a sequence of simplicial sets (X,,)neny With structure
maps (0,: ST A X, — Xt 1 )nen-
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Notation 1.1. Let Sp denote the category of spectra (of simplicial sets) with the usual
stable model structure where weak equivalences are stable equivalences and S € Sp the
sphere spectrum.

Theorem 1.2 ([SS02], Theorem 5.1). Let M be a stable model category and X a cofibrant
and fibrant object of M. Then
(i) There is a Quillen adjunction

XA_:Sp2J: Hom(X, )

such that X A S =~ X.

(i) Any two Quillen functor pairs as in (i) are related by a zigzag of natural transfor-
mations which are weak equivalences on cofibrant objects for the left adjoint and
on fibrant objects for the right adjoint respectively.

Next, we move on to the statement in the context of derivators where the derivator
of spectra can be obtained from the model category of spectra by passing to homo-
topy derivators. Here the statement is somewhat more concise, but requires studying
morphisms of derivators.

Definition 1.3. Let 9, 9D’: FinBat™® — €AT be prederivators. A morphism of pred-
erivators @ — D' is given by a “pseodonatural transformation”; i. e. a collection (Fy, )
consisting of

 a functor Fr: D(I) — D'(I) for every finite category I and

e a natural isomorphism -y, : ud, Fy = Fru for every functor u: I — .J between

finite categories

such that

o 7via, = idp, for all I € FinGat,

o You = VuYo for I % J 5 K in FinGat,

o Q5 Vu, = Yuy 0y for a matural transformation a: u; = uy in FinGat.

Definition 1.4. Let (F,7v),(G,d): @ — D’ be morphisms of prederivators. A natural
transformation (F,~) = (G,¢) is given by a “modification”; i.e. a collection of natural
transformations (77: F; = G7)regingar Such that for all u: I — J in FinBal we have
O0uTy = TIVu-

Morphisms of prederivators with natural transformations as compositions and evident
compositions resp. identities yields a category JMlor (D, D’) of morphisms between two
prederivators.

Definition 1.5. Let @, @’ be derivators. A morphism (F,v): @ — 9’ of prederivators
is called exact if for all u: I — J in FinBat, the induced natural transformations
wF = Fu and Fu, = u.F are isomorphisms.

By JMor*(D,D’) we denote the full subcategory of Mor(D,D’) spanned by exact
morphisms.

Notation 1.6. Let Hog,sn be the subderivator of the homotopy derivator of Sp given
by diagrams of spectra with finitely many cells.



Theorem 1.7 ([Fra], Theorem 4). Let D be a stable derivator. Then evaluation at the
sphere spectrum induces an equivalence of categories

~

Mo (Hog,an, D) — D ().

In [Lurl6], the oo-category Sp of spectra and the sphere spectrum is defined in a
different way than the usual approach with sequences of simplicial sets and structure
maps. We now state the theorem as-is and are going to deal with it in detail in the next
section.

Theorem 1.8 ([Lurl6], Corollary 1.4.4.6). Let 6 be a presentable stable co-category.
Then evaluation at the sphere spectrum induces an equivalence

Fun®(Sp, 6) ~ 6

between the co-category of functors from Sp to € which admit a right adjoint and 6.

2 Proof Sketch in the Setting of co-categories

We start by recalling resp. stating some basics about (stable) oo categories.

Definition 2.1. A pointed co-category € is stable if one of the following equivalent
conditions holds:
o Every morphism in 6 admits a fiber and a cofiber, fiber sequences and cofiber
sequences coincide.
e % has finite limits and colimits, pullback squares and pushout squares coincide.
e %6 has finite limits and colimits, the loop functor 2: 6 — 6 is an equivalence.

Next, we fix some notation.

Notation 2.2. Let
« 8§ denote the oo-category of spaces (as modeled by simplicial sets),
e x € § a terminal object,
o S8 the smallest full subcategory of 8 which contains * and is closed under finite
colimits,
o 8fin < 8, the co-category of pointed objects of Sf®,

In fact, already 8% and 8 have universal properties which will be very useful. However,
the proofs these properties, which can be extracted from [Lur09] (cf. Remark 5.3.5.9,
Proposition 4.3.2.15 and Theorem 5.1.5.6 there), could probably fill another talk.

Definition 2.3. Let [': € — @ between oo-categories with finite colimits. F is called
right exact if it preserves finite colimits. Let Fun™™(®€, %) < Fun(€,) be the full
subcategory spanned by right exact functors.

There is, of course, a dual notion of left exact functors.



Fact 2.4. Let € be an co-category with finite colimits. Then evaluation at + € S
induces an equivalence

~

ev,: Fun®= (8" ¢) = €.
For the “universal property” of § we will need the concept of an adjoint functor.

Definition 2.5. Let f: € — @ and g: @ — 6 be a pair of functors between oo-
categories. Then we call f left adjoint to g (resp. g right adjoint to f) if there exits a
morphism u: idg — go f (“unit transformation”) in Fun(6, €) such that for all C' € 6,
D e & the composite

u(C)
Mapg,((C). D) % Mapy(g(f (C)). 9(D)) > Maps(C, (D))

is a weak equivalence.
There is also a description of adjunctions using “counit transformations”.

Fact 2.6. Left adjoint functors between oo-categories preserve all small colimits and
right adjoint functors between oo-categories preserve all small limits.

Notation 2.7. Let €, @ be co-categories. Set Fun™(€,®) < Fun(®, D) to be the
full subcategory spanned by functors which admit a left adjoint and Fun®(€,%) <
Fun(6,®) the full subcategory spanned by functors which admit a right adjoint.

Fact 2.8. Adjoint functors are “unique up to homotopy” in the sense that there is a

canonical equivalence
Fun"(€, %) ~ Fun™(2, 8).

Fact 2.9. Let 6 be an co-category with small colimits. Then evaluation at « € § induces
an equivalence

evy: Fun®(S,6) > €.

We are now going to define an oo-category of spectra. The rough idea is defining a
spectrum via its “homology theory”, which is axiomatized by the concept of an excisive
functor:

Definition 2.10. Let F': € — @ be a functor between co-categories.

o Assuming € has pushouts, F' is called excisive if F' carries pushout squares in
€ to pullback squares in @. We denote by Exc(6,P) the full subcategory of
Fun(6, ) spanned by excisive functors.

o Assuming 6 has a terminal object =, F' is called reduced if F'(x) is a terminal object
of @. We denote by Fun,(€,9) the full subcategory of Fun(6,) spanned by
reduced functors.

o If € admits pushouts and a terminal object, we define

Excy(6,D) = Exc(€,D) n Fun,(6,D).

Definition 2.11. Let € be an co-category with finite limits. The co-category of spectrum
objects of B is defined as Sp(8) = Exc,(Si* 8).
Let Sp = Sp(8) denote the category of spectra.



An important property of the oco-category of spectrum objects is the fact that it is
stable.

Proposition 2.12. Let 6 be a pointed oo-category with finite colimits and & an oo-
category with finite limits. Then Exc.(6,D) is stable.

Proof sketch. e The constant functor on a terminal object of @ is a zero object

of Exc,(€,D): It is terminal since it is terminal in Fun(€,9). It is initial in
Fun, (6, ) since it is the Kan extension of its restriction along the inclusion {x} —
@ of a terminal object and thus for Y € Fun, (6, ) we have Mapp,, ¢ 9)(X,Y) ~
Mapg, (X (x), Y () = =

« Finite limits are inherited from Fun(6, ) since these can be computed pointwise
and thus commute with pullbacks in &.

 Precomposition with the suspension functor of ‘6 is a homotopy inverse to Qgxe, (¢,9):
For X € Exc,(6,2), C € € we have

Jpo -~ J pb l ,
F T L X[m0

thus Qg (X (3¢C)) ~ X(C). Hence (Qpxe,(6,9)X) 0 Xg =~ X.
« In order to obtain finite colimits (even if @ does not admits colimits), one has to
consider the Yoneda embedding of & and use that it is closed under limits in its

presheaf category.
O

Corollary 2.13. Let 6 be an co-category with finite limits. Then Sp(6) is stable.
Next, we are going to establish a criterion for showing that an co-category is stable.

Lemma 2.14. Let 6 be an oo category which admits finite colimits and a terminal
object =, f: € — B, a left adjoint to the forgetful functor and D a stable co-category.
Let Exc'(6,D) < Exc(6,D) be spanned by the functors which carry the initial object
of B to the terminal object of D. Then precomposition with f induces an equivalence of
o0-categories

Excy(6y, D) — Exc'(6,D) (1)

Proof. Let X € Exc,(6., D), & € 6 initial. Then X (f(F)) ~ X(x) is terminal in D
since X is reduced. Moreover, since f is a left adjoint, it preserves pushout squares.
Hence X o f maps pushout squares to pullback squares since X does. Thus we get a
well-defined functor as in (1).

Now consider the composition

Fun(®,d) x 6, < Fun(6,9) x Fun(A',€) > Fun(A', D) cofib, g



which corresponds to a functor 6: Fun(6,2) — Fun(8,,2). For Y € Exc'(6,D) we
have that O(Y)(x 25 #) ~ cofib(Y () % Y (%)) is terminal in @, so (Y) is reduced.
Since pushout diagrams in 6, are detected by the forgetful functor 6, — 6, the image
of a “pushout cube” in 6, < Fun(A', ) under Y has pullback (hence, by the stability
of @, pushout) squares in appropriate faces. Taking cofibers produces another pushout
(and hence pullback) square, which shows that 6(Y") is also excisive. Hence 0 restricts
to a functor Exc (€, D) — Exc, (B4, D).

Now we have natural equivalences (X o f)(C") ~ cofib(X(f(x)) — X(f(C"))) ~
X (C") for a pointed object C’ € B, and (8(Y)o f)(C) ~ cofib(Y (x) — Y (f(C))) ~ Y(C)
for X € 6, so 0 is a homotopy inverse to _o f.

U

Definition 2.15. Let € be an co-category with finite limits. Fix a left adjoint f: 8" —
8fin to the forgetful functor (which is essentially given by adjoining a base point). Let
SO := f(+) € 8" denote the 0-sphere. Then evaluation at S° defines a functor Q% :=
evgo: Sp(B) — 6.

Proposition 2.16. Let € be an oo category with finite limits. Then the following are
equivalent:

(i) B is stable.

(i) QF: Sp(B) — B is an equivalence.

Proof. ((i) = (ii)): Q® factors as the composition
Exc, (85, ) =2 Exc/ (85", 2) <% @,

where f: 8 — §fn i given by “adding a base point”. The first arrow is an equivalence
by Lemma 2.14, so it is enough to show that ev,: Exc'($" 6) — @ is an equivalence.
Now in 6, terminal objects coincide with initial objects and pullback squares coincide
with pushout squares since € is stable. Thus, Exc’ (8%, €) coincides with Fun®** (8 4)
and ev,: Exc/ (8% 6) — 6 is indeed an equivalence by Fact 2.4.
((ii) = (i)): Follows from the fact that Sp(4) is stable (by Corollary 2.13). O

We will use this criterion while working towards the proof of our main result.

Proposition 2.17. Let 6 be a pointed co-category with finite colimits and let D an
w-category with finite limits. Then postcomposition with QX : Sp(D) — D induces an
equivalence of co-categories

(22 0 _): Excy(8,Sp(D)) = Exc.(6,D).

Proof. The usual exponential isomorphism restricts to an isomorphism Exc, (6, Sp(9)) =
Sp(Exc, (6, D)), under which postcomposition with Q& corresponds to

Q]OEOXC*(C@,Q)) : Sp(EXC* <C67 %)) - EXC* (C@, CJD),

which is, by Proposition 2.16, an equivalence since Exc,(6,) is stable by Proposi-
tion 2.12. ]



We will now have an interlude on presentable co-categories in which we are only going
to give a few definitions and state some facts which are required to understand our main
result. Details on this subject can be found in [Lur09], Chapter 5.

Definition 2.18. An co-category 6 is called accessible if there exists a regular cardinal
 such that
e 6 has small k-filtered colimits,
e 6 contains an essentially small subcategory €’ consisting of k-compact objects
which generate € under k-filtered colimits.

Definition 2.19. An co-category is called presentable if it is accessible and admits small
colimits.

Example 2.20. The oco-category § of spaces is presentable.

In general, simplicial combinatorial model categories give rise to presentable co-categories
(cf. [Lur09], Proposition A.3.7.6).

The crucial statement about presentable co-categories is the following “adjoint functor
theorem”:

Fact 2.21. Let F': € — D be a functor between presentable co-categories. Then:
e F has a right adjoint if and only if it preserves small colimits.
e I has a left adjoint if and only if it preserves k-filtered colimits for some reqular
cardinal k and preserves small limits.

The proof of the following fact uses the adjoint functor theorem.

Fact 2.22. Let 6, & be presentable co-categories and let & be stable. Then
(i) Sp(B) is presentable.
(11) Q*: Sp(B) — € admits a left adjoint X5 : 6 — Sp(B).
(iii) A reduced excisive functor G: D — Sp(G€) admits a left adjoint if and only if
Q%o G: D — B admits a left adjoint.

Proof idea. Describe Sp(€) as the homotopy limit of the tower (... % 6, 25 6,). O

Now we have everything at hand to prove the main result.

Corollary 2.23. Let D, € be presentable co-categories and suppose that € is stable.
Then precomposition with X5 induces an equivalence

(_oX%P): Fun"(Sp(D), €) = Fun™(D,B). (2)
Proof. By “passing to right adjoints”, we see that (2) is an equivalence if and only if
(Q* o _): Fun®(®,Sp(D)) — Fun™(€, D)

is an equivalence. Now by stability of €, every functor from 6 which admits a left adjoint
(and hence commutes with limits) is reduced and excisive. Hence, since by Fact 2.22(iii)
postcomposition with Q% “detects” reduced excisive functors which admit a left adjoint,
the equivalence (Q* o _): Exc.(6,Sp(D)) — Exc.(6,D) of Proposition 2.17 restricts
to functors which admit a left adjoint. O



Notation 2.24. Let S := X%(*) € Sp denote the sphere spectrum.

Corollary 2.25 (=Theorem 1.8). Let 6 be a presentable stable co-category. Then the
evaluation at the sphere spectrum induces an equivalence

evg: Fun®™(Sp,€) = €.

Proof. Since Sp = Sp(8), evg = evsz(x) factors as

[v'e}

Fun(Sp, @) = Funk(S, @) <% @.

Now the first arrow is an equivalence by Corollary 2.23 and the second was is an equiv-
alence by Fact 2.9. O
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